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Abstract

We have introduced a comprehensive subclass of analytic functions with respect to (j, k) - sym-
metric points. We have obtained the interesting coefficient bounds for the newly defined classes
of functions. Further, we have extended the study using quantum calculus. Our main results
have several applications, here we have presented only a few of them.
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1 Introduction

Let II be collection of analytic functions defined in Q = {{ : |{] < 1} and has an expansion
X(€) =€+ " (1)
=2

We denote P to be family of functions p(¢) € II with p(0) = 1 and whose real part is more than
zero. Let S denote the class of functions x € II which are univalent in 2. The class S is not
preserved under addition. However, the class is preserved under k-root transformation. It is well

known that if x(¢) given by (1) isin S, then [x(¢")] Y (k is a positive integer) is also in S. Now
we present the formal definition of k-symmetric function.

Definition 1.1. [18, pg. 18] Let k be a positive integer. A domain D is said to be k-fold symmetric if
a rotation of D about the origin through an angle 2w /k carries D onto itself. A function is said to be k-
symmetric in §, if for £ in

x(£€) = ex(&),

where ¢ = exp(2mi/k).

Extending the notion of functions with respect to k— symmetric points, Liczberski and Potu-
biriski in [28] introduced the so called class of functions with respect to (j, k)-symmetric points.
For every integer j, a function x € Il is said to be (j, k)-symmetrical if for each { €

x(e€) = €/ x(€), (2)

where k£ > 2 is a fixed integer, j = 0, 1, 2,...,k — 1 and ¢ = exp(2mi/k). We ]-'g to denote the
class of functions satisfying (2). We observe that 75, 73 and F} are well-known families of odd
functions, even functions and k-symmetrical functions respectively. For every integer j, let x; (&)
be defined by the following equality

Xj,k(f) =

> =

k=1,
€

SXEOD em,. 3)
€

v=0

From (3), we see that x;, 1 () satisfies the linearity conditions.

Two well-known subclasses of II are the so-called starlike functions of order v and convex
functions of order v, which satisfies the differential inequality of the form

€Xl(£) Zx”(g) .
Re( x(€) ) >7 and Re<1+ NG ) >7, (e 0<y<]),

respectively. We let S*(y) and C,(7) to denote the respective class of starlike functions of order
~ and convex functions of order . Extending the class $*(vy), Sakaguchi [36] defined the class
SZ(7), the class of function starlike with respect to k-symmetric points. The function x € II is said
to be in S¥(vy) if it satisfies the analytic characterization

& (5))
Re( (O > 7,
1 k-1 x(76)

where xr(§) = £ >,—g =, (x € II). Further, Sakaguchi established that classes of functions
in 8¥(y) are univalent. For developments and study of various subclasses of analytic functions,
refer to [18].
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The main tools that are used to study the various geometrically defined subclasses of analytic
functions are Hadamard product and subordination. For formal definition of Hadamard prod-
uct and subordination, refer to Srivastava [43]. Here we let x and < to denote the Hadamard
product and subordination respectively. Using subordination, Ma and Minda [29] introduced the
following

& (&)
x(§)

5*(1/)){X€H: <1/)} and C(w){xeﬂ:1+£xl/(5)<¢},

X' (§)

where ¢ € P with ¢’ (0) > 0 maps Q onto a region starlike with respect to 1 and symmetric with
respect to real axis.

For arbitrary fixed numbers G, H, -1 < G < 1, -1 < H < G, we denote by P(G, H) the
family of functions p(§) = 1+ p1& + p2&? + - - - analytic in the unit disc and p(§) € P(G, H) if and
only if
1+ Gw(§)

where w(§) is the Schwarz function. The functions in P(G, H) are popularly known of Janowski
functions (see [20]).

For x € II, the g-difference operator (see [8, 10] ) for x € ITis defined by (0 < ¢ < 1),

X/(O)’ if€ =0,
D = !
aX(§) {W ife £ 0. W

From (4), we can easily see that D, x (&) = 140, [(]4ae&’ 1, (€ # 0), where the g-integer number
[]4 is defined by

=15 (5)
and note that lim,_,;- Dyx(§) = x'(£). We denote D2x () = Dq [Dgx(€)]. It should be noted that
everything in classical calculus cannot be generalized to quantum calculus, notably the chain rule
needs adaptation. So recently there is renewed interest in all the fields of research to replace the
classical derivative with a quantum derivative, refer to 3, 7, 21, 31, 37, 46, 47] for recent develop-
ments involving g-calculus. The duality theory of Quantum Calculus and Univalent Function Theory
was introduced by Srivastava [42]. For recent developments and applications of quantum calcu-
lus pertaining to the study of various subclasses, refer to the recent article of Srivastava (2020)
[43] and references provided therein. For general theory and analysis involving theory of special
functions, refer to [1, 2, 11, 35]. We denote

([e]q)t = [g]q[f + 1]q[£ + 2]q s [E +1 - Hq'

By using Hadamard product, g-Calson-Shaffer operator (see [40]) is defined by

oo b oo
Ly(b, X)) =€6+> EH";“ ag’ =&+ Teantt. (6)
(=2 a/0—1 (=2

We will denote ®; = lim,_,;- T = ®)e-1 Notice that Dy (Ly(b, )x(€)) =14 372, Yo[l]y arst1L.

(e_1”
Further, we observe that if lim,_,;- £4(b, ¢)x(§) = L(b, c)x(§), where L(b, c)x(§) is the well-
known Carlson-Shaffer operator [13]. Further £,(u + 1, 1)x(§) = REx(E) (1 > 0), where R x(€)
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is the Ruscheweyh g-derivative operator. The g-analogues of the various other differential operators,
refer to [19, 22]. It is easily verified from (6) that

qb_lf (DgLy(b, )x(§)) = [blgLq(b+ 1, c)x(§) — [b— 1Ly (b, )X(E)-

Linear operators defined using special functions have been very helpful in consolidating the
study of various subclasses of analytic functions and also have been very useful in extracting the
information of the various properties of analytic functions. Here using a well-known Carlson-
Shaffer operator, we define a very comprehensive subclasses of analytic functions with respect to
symmetric points. Coefficient inequalities are the main results of this paper. When it pertained to
applications of our main results, we have focussed on the results involving conic regions.

We assume that k£ € N, ¢ = exp(27i/k) and

k—1
1 —vj v
L5 46 =D e Lo(b OX(E O =€+ -, (7)
v=0
From (7), we can get
oo = ‘
L5 4(6) =Y aTlpye’, (a=Ti=1), Tpy=_3 o (8)
(=1 v=0
and we let
Ljk(§) = ql_iglf L5, (€)= ;ae@zrmél- 9)

Extending the notion introduced by Sakaguchi in [36], several subclasses of analytic functions
with respect to other points were introduced and studied by various authors (see [5, 23, 32, 38, 39,
44)).

Definition 1.2. For 0 < § < A < land -1 < H < G < 1, the function x € 1I is said to be in
Cijry (b, c; N, 63405 G, H) if it satisfies the condition
(L= A+ 0)L(b, c)x(&) + (A = )EL(D, )X/ (§) + AE>L(b, c)x" (€)
Lj «(€)
L (GO - (G-
(H +1)3(§) — (H - 1)’
where L; 1(§) is defined as in (9) and v € P which has a power series expansion of the form

P(E) =14 L&+ Lo&® + L3’ + -, £€9Q, L1 > 0. (11)

Definition 1.3. For 0 < § < A < land -1 < H < G < 1, the function x € 1I is said to be in
Kk (b, ¢; X, 05405 G, H) if it satisfies the condition

L(b, )X/ (€) + (A — 8+ 200)EL(b, ¢)x" (€) + ASEL(b, €)X (€)
(Lj, k(&) 12
L (GO ~ (G 1)
(H+1)¢(§) — (H—1)’
where L; (&) and 1 are defined as in (9) and (11) respectively.

(10)
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Remark 1.1. The classes C(j i) (b, c; X, 6;10; G, H) and K; 1,y (b, ¢; A, 6;¢; G, H) were mainly motivated
by the comprehensive class defined by Bulut (2020) [12]. Here we list few special cases of the class.

1. Ifweletb=c, A= 1,0 = 0and(§) = 14+£/1—E in Definition 1.2, then the class C; 1) (b, ¢; A, 0;¢; G, H)
reduces to the class SU-*)[F, G| defined and studied by Al Sarari et al. 5, Definition 5].

2. Ifweletb =c, A=1,6=0,j =1and (&) = 1+ &/1 — ¢ in Definition 1.2, then the class
Cijky (b, c; N, 65405 G, H) reduces to the class S,gk) [F, G] defined and studied by Kwon, and Sim [27].

Further, the classes recently introduced and studied by Sarari et al. (2019) in [6] is closely related to the
classes C(j 1y (b, c; X, 6345 G, H) and KC(j 1y (b, ¢; N, 6;1b; G, H) defined by us here.

Definition 1.4. For 0 < 6 < XA < land —1 < H < G < 1, the function x € 1l is said to be in the class
QC ;i) (b, c; X, 0595 G, H) if it satisfies the subordination condition
(1= A+ 8)Ly(b, e)x(€) + (A = )ED, Ly (b, )x(€) + NIEXD2L, (b, ¢)x ()
L3 (&)

(13)

where E?’ (&) and ) are defined as in (8) and (11) respectively.
Definition 1.5. For 0 < § < XA < land —1 < H < G < 1, the function x € Il is said to be in the class
QK 5y (b, c; N, 651b; G, H) if it satisfies the subordination condition
Dy Lq(b, )X (€) + (A =8 +2X0)EDFL (b, )x(§) + AIE*DGLy (b, )x(§)
DyL7 ()

(14)

where E;{ (&) and 1 are defined as in (8) and (11) respectively.

Remark 1.2. Ifwelet A\ = 1,6 =0, b = cand ¢(§) = %, then the class C; 1,)(b,c; X, 0;¢; G, H)
reduces to the class SY'*) (G, H). The class SYU*) (G, H) was introduced by Sarari et al. (2016) [5,

Definition 5].

2 Coefficient Inequalities

In order to obtain our main results, we need the following Lemma recently obtained by Karthikeyan
etal. [25].

(G+ D) - (G-1)
(H+ 1)) — (H - 1)

asin (11). If p(€) = 1 + > pe&® is analytic in U and satisfies the subordination condition
=1

Lemma 2.1. [25] Let the function

be convex in U where the function ) is defined

1 1
p(§) < . ok (15)

then
{>1. (16)
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As evident from the area theorem, coefficient inequalities play an central role in studying var-
ious properties of subclasses of analytic functions. To reemphasize, note that

Os g 1~ s

* =0, ooy

Here we present the coefficient inequality of C(; (b, c; A, 0;¢; G, H).
Theorem 2.1. Let ®,’s be real and —1 < H < 0. If x € C(jx)(b, c; A, 6515 G, H), then for £ > 2,

(17)

ol < 71_[ (G—H)LaTy; —2[1+ (A= 6)(t—1) + Aot(t —1) =Ty ;] H|
¢ 2T+ t(h—06) + ALt + 1) — Typa ] '

Proof. By the definition of C(; 1) (b, c; A, 0;4; G, H), we have
(1= A+ )LD, o)x(&) + (A = EL(D, )X/ (§) + AE>L(b, c)x" (€)
Lj r(§)

(G+D)P(§)—(G-1)
(H+1)¢(&)—(H-1)"

=p(&), (18)
where p(§) € P is subordinate to p(§) <

Equivalently, (18) can be written as

(1 — Fl,j)f + i[l — F&j + ()\ — 5)(£ — 1) + Aéé(f — 1)]CI)@CL@€€
(=2

= <Zpe£é> <Z Fg’jégagé-Z) (al = (I)l = ]_—‘17]- = ]_) .
=1 =1

Equating the coefficient of £ on both sides
[1 — FZ,J‘ + ()\ — 5)@ — 1) + /\(%(f — 1)](1340,4 = [Fgfl’jq)eflazfﬂh + - +pz71F1’j@1aﬂ

-1 £—1

P Ty @ ar] <Y o T | @i lael.
t=1 t=1

[(G—H)

From Lemma 2.1, we have |p,| < ILI%, ¢ > 1. On computation we have

adl < (G — H)|L1| Simy @l oo
- 2‘1 + ()\ — (5)“ — 1) + )\(M(f — 1)] — Fg}ﬂ@g.

(19)

Let ¢ = 21in (19), then
(G —H)|L1 T

T 2114+ (A —=08) + 28] — Ty ;| Po°

laz| < (20)

By letting £ = 2 in (17), we get
(G — H)Li Ty —2[1 4 (A —0)(t — 1) + At(t — 1) — T, ;] H|
ozl < 3 H |
2|14+ t(A—=08) +Adt(t +1) — Ty 4]

_1|(G H)Li Iy —21 -y ;[ H] 1 (G—H)|Li Ty,
Dy 2[1+(A—=0)+2M —Tay|  ®22[1+(A—08) +2X0 —Tq |

(21)
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From (20) and (21), we find that hypothesis is correct for ¢ = 2. Similarly if we let £ = 3 in (19),
we have

S 2014201 — 5)+6>\6 Ty, ®g " 7
< (G—H) LTy, - |L1|(G — H) [T,
T 211 4+2A—=0)+6X6 —T'3,| D3 211+ (A =08)+2X0 — Ty ||

las| < + [La ;| ®2lasl]

If welet ¢ = 3, in (17), we have

as| 1 (G—H)|L:1 T ] o (G—H)LiT'y ; —2[14+ (A —08)+2X0 — T'y ;] H|
s 2|1+ (A —0) + 200 — [y 2|1+ 2(\ = 0) + 6Ad — T3]
1 (G—H)|L:1 T | " (G—H)|LiTy j|+2[1+ (A —0) +2X6 — 'y ;]| H]
2|1+2()\—(5)+6>\5—F3’J| 2[1+(/\—6)+2)\(5—F2,j]
(G—H)|L1 T n |L1|(G — H) [Ty 4
= 2[1+2(A—08) +6X — 5| s 2|1+ (A —0) + 200 — [y |

Hence, the hypothesis is correct for £ = 3. Assume that (17) is valid for ¢ = 2, 3, ...r. Applying
triangle inequality in (17), we obtain

<
lar] < 2114+ t(A—=08) + Not(t +1) — Tyt

1:[ (G—H)|LiT'y ;| +2[14+ (A =68)(t—1) + Adt(t — 1) — T |

By induction hypothesis, we have

( L1 Ty
21+ (0 —0)(r — 1) + Nor(r —1)] =T [ZW”@M

irﬁ (G — H) LTy j| + 214+ (A= 8)(t — 1) + Adt(t — 1) — Ty ]
o, -1 211+ t(N—98) + Xot(t + 1) — Ty '

From the above inequality, we have
1 7 (G=H)|LiTy |+ 21+ (A= 8)(t — 1) + Aot(t — 1) — Ty
Dy ot 211 +¢(A—38) + Aot(t + 1) — T'yqq |
(G- )Ly )
- 2\1—&-()\ 8)(r—=1) + Xor(r —1)] = Ty 4]

(G—H)|LiTyj| + 21+ A= 08)(r — 1) + Xor(r — 1) = T4
211+ —8) + Mor(r 1) — Typr, Z‘I’t\%atl

443



A. Senguttuvan et al. Malaysian ]. Math. Sci. 16(3): 437-450 (2022) 437 - 450

_ (G—H)|L| y
2|1+’1"()\—($)+)\5’I"(’I"+1)—F7~+17j|
(G = H)|Li T,y

’ 1 [OFR]
{2[1—#()\—6)(7‘—1)4—)\&(7"—1)}—Fr,j]Jr ; ¢Ileg o

_ (G—H)|L| y

2|1+T()\7§)+>\67‘(7‘+1 *Fr+1,j|
(G~ H)|Li T,y
2 [OFR] A O, Ty
o+ (= 8)(r — 1) + Aor(r — 1] Ty y] 2= "] ”atH; ¢Ileg o

_ (G - 1) |L|
2 +rA=0)+ Xor(r+1) —Typq 4]

)

T
> @Iyl
t=1

implies that inequality (17) is true for £ = r 4 1. Hence the proof of the Theorem. O

Remark 2.1. The presence of Carlson-Shaffer in the result provides more versatility to the result obtained
in Theorem 2.1. Apart from including [5, Theorem 2] as a special case, Theorem 2.1 helps us to obtain the
coefficient inequalities of various subclasses of convex functions with respect to (j, k)-symmetric points.

We will now obtain the coefficient inequalities of the function class C; i) (b, ¢; A, 6;¢; G, H)

Theorem 2.2. Let ®;'s bereal and —1 < H < 0. If x € K 1)(b,c; X, 859 G, H), then for £ > 2,

-1
1 [(G—H)}LTy; —2(t—1)[14+(A=08)({t—1)+A5t(t—1) — Ty ;] H]
< : : . 22
o] < , £[1 26|14+ t(X—0) + Adt(t + 1) — T'ypq 5] (22)
Proof. By the definition of K(; 1) (b, ¢; A, 0;¢; G, H) we have
Lb, )X (€) + (A — 6 + 2X0)EL(b, e)x" (&) + AGE2L(b, ¢)x"
(b, IX'(§) + ( JEL(b, )X (§) + ASEZL(b, c)x"(§) _ 2(6) (23)

(Lj.k(8))

(G+D)P(§)—(G—1)

where p(§) € P is subordinate to p(¢) < e IGE G ESIE

Equivalently, (23) can be written as
1+ ) lag®e ™ 1+ (A+3+2X08) (0 — 1) + Ad(6— 1) (£ —2)] = (1 + Zpeé’) <Z éagre,]f“) .
=2 =1 =1

By equating the coefficient of £/~! in the above equation and on computation we get ,

/—
s < |L1[(G — H) S22y 0T jlayl
=T+ (N0 +200) (- 1) + Al —1)(f—2) —Ty,|"

Now retracing the steps as in Theorem 2.1, we obtain the assertion of the Theorem. O

Keeping with the recent trend of studying the class of functions involving quantum calcu-
lus, we will now state the coefficient inequalities for the classes QC; 1) (b, c; A, d;9; G, H) and
QK (k) (b,c; N, 8595 G, H). Since the results did not involve quantum calculus chain rule or loga-
rithmic differentiation which indeed requires some adaptation, here we choose to omit the details
of the proof.
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Theorem 2.3. Let Yy's be real and —1 < H < 0.. If x € QC; »)(b,c; N, 0;9; G, H), then for £ > 2,

H (G = H)La Ly —2[1+ (A = )([t —1]q) + Ad[t]g[t —1]q — Lo ;] H|

<
Jac 21T [y (3 —8) + At + 1]y — Trrny|

(24)

Theorem 2.4. Let ®,'s be real and —1 < H < 0. If x € QK(; 1)(b,c; N, 8;¢; G, H), then for £ > 2,

‘ (G=H)[t]qL1T¢
—2[t—1]4[1+(A—8)[t— 1]q+A5[t] [t—1lg—Te 51H 25
lael < 7, H 201+ 28(A = 8) + A6t(t +1) = oy | -

IfweletA\=1,0=0,b=cand ¢ ({) = 1+5 in Theorem 2.1, then we get the following result.

Corollary 2.1. [5, Theorem 2] If x € N k)(G, H), thenfor{>2, -1<H<G<],

-1
o < ] Tl =1 1)t
- [t +1—Typ1l

t=1

If weletd = 0and A\ = 1 in Theorem 2.1, we have

Corollary 2.2. If x € II satisfies the condition

EL(b, X' (§) , (G+ DY) — (G -1)
Lj, x(8) (H +1)9(&) — (H—1)

thenfor ¢ >2, -1 < H <G <1,

(G- H)LT 20t —Ty ;| H
‘a€|_ H| t.j — [ t,]] ‘
D, 2|(t+1) = Tepr 4]

2.1 Applications to Petal Shaped Region and Leaf-Like Region

Sokot [41] and Raina & Sokdt [33] studied a class of functions starlike with respect to Bernoulli
lemniscate and lune respectively, by restricting the ¢ to a specific conic region in the definition of
S*(1). For studies related to conic region, refer to [9, 15, 14, 16, 17, 26, 30, 34] and references
provided therein. Ullah et al. in [45] defined a class of functions subordinate to

P(§) =1+ tanh¢, (§€9Q).

The function ¢ (§) = 1 + tanh £ maps the unit disc onto interior of the ellipsoid-like region which
is symmetric about the real axis. (see Figure 1(a)). In Figure 1, we have shown that an ellipsoid-
like region (see 1(a)) becomes a cardioid with cusp on the right hand side on the impact of
Janowski function. The impact of Janowski function on various conic region has been studied
by Karthikeyan et al. [24]. The function 1 + tanh £ has a Maclaurin series of the form

53 265 1767 6267 1382¢11 21844¢13 920569¢15 .
1+tanh¢ =1 SE e N - - O[¢"". (26
Franhg =1+ 8= 5+ S o5 ¥ 9835 ~ 155925 6081075 gassizsts T O - (20)
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Ahuja et al. [4], defined a class of starlike functions subordinate to

vO=1+5(15). k=14V2)

2¢2 28"
T S d 2+-~~+%+O[g]"“.
1+V2  (1+73) (1+v?2)
We can easily see that the function has a normalization ¢(0) = 1, Re [¢(£)] > 0 and maps unit disc
on to the cardioid with cusp on the left hand side (also see Karthikeyan et al. [24]).

Figure 1: (a) Mapping of Q under ®(§) = 1 + tanh £ (b)Impact of Janowski function on ®(§) = 1 + tanh ¢, if G = 0.82and H = 0.8.

H+1

Corollary 2.3. Let

‘ < 1forall £ € Qand ®,’s be real. If x € 1l satisfies the condition

Q) | (GHD+E-¢/3)- (G- 1)
Fin© " HF DI+ -3~ (H-1)

then for £ > 2,

-1
lag| < LH (G — H)Tyy —2[t =Ty ;] H|
P 2[1+1—Tip4]

Proof. If weletA=1,0 —0,b = cand ¥(§) = 1 + tanh &, in Definition 1.2, then we find from (26)
Ly = 1and Ly = —3. By substituting the appropriate parameter values in Theorem 2.1, we can
establish the assertion of the Corollary. O

Ifwelet A=1,d=0,b=cand (&) =1+ % (Z—Jjg), in Theorem 2.1, we get the following

result.

Corollary 2.4. Let
orollary T

‘ <1forall £ € Qand O,’s be real. If x € II satisfies the condition

v G0+ -G
fir® a1+ g ()] - -1

k—¢
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then for £ > 2,
15 (G- H)(V2 -1 —2[t — T H|

By L1 2[1+t— i)

3 Conclusions

By defining a new comprehensive subclass of analytic functions, we were able to unify and
generalize the various study of analytic functions with respect to (j, k)-symmetric points. Since
very few study has been conducted on analytic functions with respect to (j, k)-symmetric points,
only few special cases could be discussed. Further, by replacing the ordinary differentiation with
quantum differentiation we have attempted at the discretization of some of the well-known results.
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